GLOBAL WAVE FRONT SET 
OF MODULATION SPACE TYPES 



SANDRO CORIASCO, KAROLINE JOHANSSON, AND JOACHIM TOFT 

Abstract. We introduce global wave-front sets WF M ( u S ) (/), 
/ G y'(Il d ), with respect to the modulation spaces M(w,&), 
where ui is an appropriate weight function and SS is a translation 
invariant Banach function space. We show that the standard prop- 
erties for known notions of wave-front set extend to WF M ^ t &\{f). 
In particular, we prove that microlocality and microellipticity hold 
for a class of globally defined pseudo-differential operators Op(a). 



0. Introduction 

In this paper we introduce wave-front sets for tempered distribu- 
tions with respect to general modulation spaces M{uj,£$\ parameter- 
ized with the translation invariant Banach function space S3 and the 
weight function lu. 

Our approach links the "local" analysis carried on in [7,38], with 
the "global" analogue treated, e.g., in [8]. In the latter reference, wave- 
front sets are used to describe propagation of singularities for a class of 
hyperbolic Cauchy problems, associated with linear operators having 
coefficients growing (at most) polynomially with respect to the space 
variable (cf., e.g., Cordes [5], Coriasco [6], Coriasco and Rodino [9], 
Cappiello and Rodino [4], Melrose [33], Parenti [35]). In view of such 
hypotheses, the behaviour at infinity of tempered distributions, belong- 
ing to suitable weighted Sobolev spaces, can be controlled: under the 
action of the global pseudo-differential operators with symbol in the 
SG classes, in addition to the loss of smoothness, a loss of decay is in 
general present. 

In particular, we recover the microlocality and microellipticity prop- 
erties that hold for wave-front sets of Sobolev type introduced by Hor- 
mander [31], and classical wave-front sets with respect to smoothness 
(cf. Sections 8.1 and 8.2 in [30]), as well as for wave-front sets of Banach 
function types in [7], and 5? and H Sl ' S2 wave- front sets in [8] and [33]. 

In analogy with the definitions in [8], we introduce a triple 

(WFt ( ^(/), WF^(f), WF*^/)) 
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of wave-front sets with respect to modulation spaces, when / is a tem- 
pered distribution. The notation WFM(u,8){f) is used for their union, 
and it is called the global wave-front set. Compared with the wave- 
front set defined in [7], the three components of WFm( u ,ss)(f) describe 
different properties, like the three subsets of the wave-front set in [8]. 

Roughly speaking, WF^ m (f), WF^f/) and WF^^/) give 
information about the local smoothness of /, the size of / at infinity, 
and about oscillations at infinity, respectively. In particular, the union 
^m(u,«)(/) UWF]^, £\(f), the so called "exit component", describes 
the behavior "at infinity" of /. Moreover, / G M(u, 38) if and only if 
WF M( ^)(/) = 0. 

The modulation spaces were introduced in [12] by Feichtinger and 
were further developed and generalized in [14-16,20]. The modulation 
space M(u, where to denotes a weight on phase (or time-frequency 
shift) space R 2d , appears as the set of tempered (ultra-) distributions 
whose short-time Fourier transform belongs to the weighted space 3${oS) , 
which is assumed to be a (translation) invariant Banach function spaces 
(cf. [12-15]). 

The operators involved in the sequel are a generalisation of the so- 
called SG operators (see, e.g., Cordes [5], Egorov and Schulze [11], 
Schrohe [41], Melrose [33], and Parenti [35]). The corresponding sym- 
bols a belong to the classes denoted by SG^(R M ) or SGj^, for r, p > 
and a weight function to, if they satisfy the global estimates 

\D a x Dla{x,i)\ < C aj p{x)- r \ a \{t)-^\u{x,t)i x,£ G R d , (0.1) 

for suitable constants C a $ > 0. Such globally defined operators turn 
out to be continuous on the modulation spaces M(u, 3$) (see Theorem 
3.2 in [53]). 

The paper is organized as follows. In Section [T] we recall the defini- 
tion and basic properties of pseudo-differential operators, translation 
invariant Banach function spaces and modulation spaces. Here we also 
define three types of sets of characteristic points and some properties 
for them. One of these characteristic sets coincide with the one defined 
in [7], but all of them differ by the corresponding ones considered in [8] 
and [4]. 

In Section [2] we define the wave- front sets of modulation space types 
WF M (u>,^){f)- Furthermore, prove that WF M{ui> ^(f) and WF^ o(a)) (/) 
coincide with the wave-front sets defined in [7], when M(u>, B§) is locally 
the same as the Fourier BF-space ^ The remaining part of the 
section is devoted to the proof of a relation between the wave-front 
sets of modulation space types and the sets of characteristic points, 
and of the fact that WFjy( W) #)(/) is empty if and only if the temperate 
distribution / belongs to M(u>,3§). 
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Sections [3] and [4] are devoted to mapping properties for pseudo- 
differential operators in the context of these wave-front sets. The prop- 
erties are given and proved in Section [31 and similar properties are 
stated in Section 0] for wave-front sets of superposition types. Finally, 
we have included an Appendix, where we prove some of the properties 
for the sets of characteristic points stated in Section [TJ 



1. Preliminaries 

In this section we recall some notation and basic results. The proofs 
are in general omitted. In what follows we let T denote an open cone 
in H d \ 0. If £ G H d \ is fixed, then an open cone which contains £ is 
sometimes denoted by T^. 

Let ui and v be positive measurable functions on R d . Then u is called 
v-moderate if 

u(x + y) < Coj(x)v(y) (1.1) 

for some constant C which is independent of x, y G R d . Iff in (11.11) can 
be chosen as a polynomial, then u> is called polynomially moderated. We 
let =^(R d ) be the set of all polynomially moderated functions on R d . 
If u(x, £) G i^(R 2d ) is constant with respect to the x- variable or the 
^-variable, then we sometimes write u;(£), respectively u(x), instead of 
u;(x, £). In this case we consider u as an element in &(H 2d ) or in =^(R d ) 
depending on the situation. We say that v is submultiplicative if (I1.1D 
holds for oo = v. For conveniency we assume that all submultiplicative 
weights are even. 

We also need to consider classes of weight functions, related to & . 
More precisely, we let ^ (R d ) be the set of all u G ^(R d ) f| C°°(R d ) 
such that d a uj/u G L°° for all multi-indices a. By Lemma 1.2 in [50] 
it follows that for each ui G <5^(R d ), there is an element ojq G ^(R^) 
which is equivalent to uj in the sense that 

C^ujq <uj< Cu , (1.2) 

for some positive constant C. 

We need some more conditions for the weights in SG^ (cf. (10.11) ). 
More precisely let r, p > 0. Then we let ^ p (R 2d ) be the set of all 
u(x, in ^(R 2d ) n C°°(R M ) such that 

(xyW(O plf3] ' * , G L°°(R 2d ), 

for every multi-indices a and j3. Note that & r ,p is different here com- 
pared to [7]. Note also that in contrast to we do not have an 
equivalence between & r ,p and & when r > or p > in the sense of 
(TOIL On the other hand, if s,t G R and r, p G [0, 1], then «0* riP (R 2d ) 
contains u(x,£) = which gives one of the most important 

classes in the applications. 
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The Fourier transform & is the linear and continuous mapping on 
J7"(R d ) which takes the form 

WHO = /(O = W d/2 I f(x)e-*>Q dx 

when / G L 1 (R d ). We recall that is a homeomorphism on y'(Tl d ) 
which restricts to a homeomorphism on J^(R d ) and to a unitary oper- 
ator on L 2 (K d ). 

Next we define our Banach function spaces (BF-spaces) and present 
some useful properties. 

Definition 1.1. Assume that 88 C Ll oc (R d ) is a Banach space and 
that v G 8&(Tl d ) is submultiplicative. Then 88 is called a (translation) 
invariant BF-space on R d (with respect to v), if there is a constant C 
such that the following conditions are fulfilled: 

(1) y{R d ) C8g C ^'(R d ) (continuous embeddings); 

(2) if a; G R d and / G 8$, then /(• - x) G 88, and 

||/(--x)||,<Ci;(x)||/||*; (1.3) 

(3) if/, p G L 1 1 oc (R' i ) satisfy g G ^ and |/| < |gr| almost everywhere, 
then / G 88 and 

11/11* <cy|*. 

Assume that 88 is a translation invariant BF-space. li f E 88 and 
he L°°, then it follows from (3) in Definition O that f ■ h £ 88 and 

n/-/>iu<^imuiNU- (i.4) 

Also let w G 3*(R d ). Then we let the Fourier BF-space &8§(u) be 

the set of all / G ^'(R d ) such that £ i-> /(£M0 belongs to It 
follows that ^88{uj) is a Banach space under the norm 

ll/||*»(«) = ll/^IU- (1-5) 

Remark 1.2. In many situations it is convenient to permit an x de- 
pendency for the weight u in the definition of Fourier Banach spaces. 
More precisely, for each u(x,£) G 8 g (Ti 2d ) and each translation invari- 
ant BF-space 88 on K d , we let &88(lu) be the set of all / G y'(K d ) 
such that 

||/||«H = ||/||^»( W ),* = ||/o;(x,-)||a 

is finite. Since u is u -moderate for some v G i^(R 2d ) it follows that 
different choices of x give rise to equivalent norms. Therefore the con- 
dition Il/H j?^) < oo is independent of x, and it follows that J?88(u) 
is independent of x although || • \&m{uj) might depend on x. 
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In order to define modulation spaces, we need to consider a local 
Fourier transforms. First assume that G y(R d ). Then the short- 
time Fourier transform of / G y{R d ) with respect to (the window 
function) is defined by 



If instead G y'(R d ) and / G y'(R d ), then the short-time Fourier 
transform of / with respect to is defined by 

W) = ^ 2 F, where F(x,y) = (/ ®$)(y,y - x). {TJ)' 

Here is the partial Fourier transform of F(x, y) G y f (R 2d ) with 
respect to the ?/-variable. The definition (jT76j)' makes sense, since the 
mappings #2 and F 1— >■ F o G with y) = (y,y — x) are homeomor- 
phisms on y'{R 2d ). 

In the following lemma we recall some general continuity properties 
of the short-time Fourier transform. We omit the proof since the result 
can be found, e.g., in [18]. 

Lemma 1.3. Let T be the mapping from y'(R d ) xy'(R d ) to y'(R 2d ) 
which is given by T(f, 0) = V^f , and assume that f, G y'{R d ) \ 0. 
Then the following is true: 

(1) T restricts to a continuous map from y(R d )xy(R d ) to y(R 2d ). 
Furthermore, V^f G y(R 2d ) if and only if f,(f) G y(R d ); 

(2) T restricts to a continuous map from L 2 (R d ) x L 2 (R d ) to L 2 (R 2d ). 
Furthermore, V^f G L 2 (R 2d ) if and only if f, <f> G L 2 (R d ); 

(3) T is a continuous map from y\R d ) x y'(R d ) to y\R 2d ), and 
restricts to a continuous map from y'(R ) x y{R d ) and from 

y(R d ) x y'(R d ) to y'{R 2d )f]c oo {R 2d ). 

For Lemma 11.41 below, we recall some formulae for the short-time 
Fourier transform which are important in time-frequency analysis (see 
e.g. [21]). For this reason it is convenient to let * be the twisted con- 
volution on L 1 (R M ), defined by the formula 



(F*G)(x,0 = (2n)- d / 2 // F(x-y,Z-Ti)G(y,T))e-«*-™UydTi. 



By straight-forward computations it follows that * restricts to a con- 
tinuous multiplication on y(R 2d ). Furthermore, the map (F,G) 1— > 
F*G from y(R 2d ) x y(R 2d ) to y(R 2d ) extends uniquely to contin- 
uous mappings from y\R 2d ) x y(R 2d ) and y(R 2d ) x y\R 2d ) to 
^'(R M )nC°°(R M ). 

The following lemma is a straight-forward consequence of Fourier's 
inversion formula. The proof is therefore omitted. Here and in what 
follows we let f(x) = f(—x). 




(1.6) 
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Lemma 1.4. Assume that f G y'(K d ) and that 4>,4>j € ^(R d ) /or 
j = 1, 2, 3. Then the following is true: 

(1) m)(x,0 = e- i ^(y^,- x ); 

(2) (^JF(V^ 2 3 ) = {Mi) ■ V^f; 

(3) (V^f)(x,0 = (2tt)^ 2 / (V^J)(x,e - V )Uv)e~ lM d V ; 

(4) (^/)(*,0= / (v^f)(x- y ,OMy)dy. 

Now assume that 38 is a translation invariant BF-space on R 2d , with 
respect to v G ^(R 2d ). Also let G ^(R d )\0 and that w G ^(R M ) 
is such that u is v -moderate. The modulation space M(u, 38) consists 
of all / G y'{R d ) such that V$f ■ uj G We note that M (w, is a 
Banach space with the norm 

||/||m(^) = (1.7) 

(cf. [14]). 

Remark 1.5. Assume that p, q G [1, oo], and let L?' 9 (R 2d ) and Z|' 9 (R M ) 
be the sets of all F G L^R 26 *) such that 

\\f\\ l ™ = (/ (/ |F(x,e)i p ^) 9/ ^e) 1/9 < oo 

and 

= (/ (/ |^(x,OI P ^) 9/P ^) 1/9 < oo. 

Then Af(u;, L?' 9 (R 2d )) is equal to the usual modulation space M^(R d ), 
and Af(w, Lf ,<z (R M )) is equal to the space WMR d ), related to Wiener- 
amalgam spaces. 

For notational convenience we set Mf ■, = A/?'? = W^'?. Furthermore, 

(UJj (W) (Ujj 

if w = 1, then we write Af™, Af p and instead of A/?'?, Mf , and 
WM respectively. 

In the following proposition we list some important properties for 
modulation spaces. We refer to [21] for the proof. 

Proposition 1.6. Let u ,v ,v G 3&(R? d ) be such that v and v are 
submultiplicative, and ujq is v^-moderate. Also let 38 be a translation 
invariant BF-space on H 2d with respect to v and f G y(R d ). Then 
the following is true: 

(1) if G Ml VQv) (R d )\0, then f G M(u,38) if and only if V+f ■ 
u> G 38. Furthermore, (11.7j) defines a norm on M(u,38), and 
different choices of <p give rise to equivalent norms; 

(2) y(R d ) C Ml Vov) (R d ) C M(u,38) C M ( ~ ( „ o?;)) (R d ) C ^'(R d )- 
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Proposition 11.61 (1) allows us to be rather vague about the choice of 
4> G M/L \ in (11.71) . For example, if C > is a constant and Q is 
a subset of <9" , then ||a||Af(w,.#) < C for every a G Q, means that the 
inequality holds for some choice of G MK \ and every a G Q. 
Evidently, for any other choice of G MK \ 0, a similar inequality 
is true although C may have to be replaced by a larger constant, if 
necessary. 

We recall that Fourier BF-spaces and modulation spaces are locally 
the same. In fact, let <p G ^(R d )\0, 9§ be a translation invariant BF- 
space on R M , to G 9 g (Tl 2d ) and set lj (£) = lu(xq,^) for some fixed 
Xq G R d . Then 

9g = {f ey\K d )- v ®f e98} (1.8) 

is a translation invariant BF-space on R d under the norm ||/||# = 
llv 9 ®/!!*- The space 9§q is independent of if G J^(R d )\0, and different 
choices of <p gives rise of equivalent norms. Furthermore 

M(u, 98) n <S'iYl d ) = ^ (w ) n <f (R d ) (1.9) 

(cf. [7]). 

Next we recall some facts in Chapter XVIII in [31] concerning pseudo- 
differential operators. Let a G ,y(R 2d ), and t G R be fixed. Then the 
pseudo-differential operator Op t (a) is the linear and continuous opera- 
tor on J^(R d ) defined by the formula 

(Op»/)(;r) = (27r)- d J J 'a((l-t)x + ty,Of(y)e i{x -^ ) dyd^. (1.10) 

For general a G y'(R 2d ), the pseudo-differential operator Op t (a) is 
defined as the continuous operator from y(Tl d ) to ^'(R d ) with dis- 
tribution kernel 

K t , a (x, y) = (27t)- d / 2 (^ 2 1 a)((l - t)x + ty,x-y). (1.11) 

This definition makes sense, since ^ and the map 

F^FoG t with G t (x,y) = ((l-t)x + ty,x-y), 

are homeomorphisms on J?"(Tl 2d ). We also note that the latter defini- 
tion of Op t (a) agrees with the operator in (|1.10l) when a G J?(R 2d ). 
If t — 0, then Op t (a) is the Kohn-Nirenberg representation Op(a) = 
a(x, D). 

If a G ^'( rM ) and s,teR, then there is a unique b G ^'(R 2 ^) such 
that Op s (a) = Op t (6). By straight-forward applications of Fourier's 
inversion formula, it follows that 

Op» = Op t (6) « 6(x, = e l ^ D ^a(x, £) (1.12) 

(cf. Section 18.5 in [31]). 
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Next we discuss our symbol classes. Let m, p,, r, p G R be fixed. Then 
SG^(R M ) is the set of all a G C°°{R 2d ) such that for each pairs of 
multi-indices a and (3, there is a constant C a ^ such that 

Usually we assume that r, p > and that p + r > 0. 

More generally, assume that u G £P rtP (R 2d ). Then we recall from the 
introduction that SG^(R M ) consists of all a G C°°(R 2d ) such that for 
each pairs of multi-indices a and (3, there are constants C a ^ such that 
(ED) holds. We note that 

SG^(R 2d ) = S(uj,g r J, (1.13) 

when g = g r>p is the Riemannian metric on R 2d , defined by the formula 

(^ p ) ( ^ } (x,0 = (2/>^ 2r k| 2 + (^>- 2p K| 2 (1-14) 

(cf. Section 18.4-18.6 in [31]). Furthermore, SG^ } = SG^f when 

The following result shows that pseudo-differential operators with 
symbols in SG^ behave well. 

Proposition 1.7. Let S$ be a translation invariant BF-space on R 2d , 
s,t G R, r,p > 0, w G ^{R 2d ), u G ^ p (R 2d ) and that a,b G 
^'(R 2 ^) are such that Op s (a) = Op t (6). Then the following is true: 

(1) a G SG^ p o) (R 2d ) if and only if b G SG^ p o) (R M ); 

(2) if a G SG^ o) (R 2d ), tfien Op t (a) «s continuous on y{R d ) and 
extends uniquely to a continuous operator on 5^'{R d ); 

(3) if a G SG^ p o) (R 2d ) ; then Op t (a) is continuous from M(u,38) to 
M{u/u ,k). 

Proof. From the assumptions it follows that g r>p in fjl . 141) is slowly vary- 
ing, cx-temperate and satisfies g r p < g° , and that u is (yVp-continuous 
and (cr, g r>p )-temperate (see Sections 18.4-18.6 in [31] for definitions). 
The assertions (1) and (2) are now consequences of (11.131) . Proposition 
18.5.10 and Theorem 18.6.2 in [31]. 

Finally, (3) follows immediately from [53, Theorem 3.2]. The proof 
is complete. □ 

If a G SG^(R 2d ), then it follows from the definitions that there is 
a constant C > such that 

\a(x,£)\ < Cw Q (x,£). 

On the other hand, a necessary and sufficient condition for a to be 
invertible, in the sense that 1/a should be a symbol in SGf p /uJo \R 2d ), 
is that for some constant c > we have 



cuj (x,() < \a(x,£)\. 
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(1.15) 



A slightly relaxed condition is that (I1.15P holds for some constant c > 
and all points (x, £), outside a compact set K C R 2d . In this case we 
say that a is elliptic (with respect to uj ). 

In the following we discuss more local invertibility conditions for 
symbols in SGj^ (R 2d ) in terms of the sets of characteristic points 
of the involved symbols. We remark that our definition of the set of 
characteristic points is slightly different comparing to [31, Definition 
18.1.5] in view of Remark [1.171 below. 

Definition 1.8. Assume that r, p > 0, u G ^^(R 2 ^) and that a G 
SG^ o) (R 2d ). 

(1) a is called ip-invertible with respect to u at the point (x , £ ) £ 
R d x (R d \0), if there exist a neighbourhood X of xq, an open 
conical neighbourhood T of £ and positive constants R and c 
such that ffTT5]) holds for x G X, £ G T and |f | > i2. 

The point (xo,£q) i s called ^ -characteristic for a with respect 
to c<Jo if a is no£ ^-invertible with respect to u Q at (xo, £o); 

(2) a is called e-invertible with respect to c^o at the point (xo,£o) G 
(R d \ 0) x R d , if there exist an open conical neighbourhood T 
of Xq, a neighbourhood X of £o and positive constants R and c 
such that (11.151) holds for x G T, |x| > i? and £ G X. 

The point (xo,£o) ^ s called e- characteristic for a with respect to 
(jJo if a is not e-invertible with respect to ujq at (xo,£o); 

(3) a is called ^e-invertible with respect to c^o at the point (x , £ ) G 
(R d \ 0) x (R d \ 0), if there exist open conical neighbourhoods 
T 1 of x and T 2 of £ , and positive constants R 2 and c such 
that firi5l) holds for x G r 1: |x| > R u £ G T 2 and |£| > R 2 . 
The point (xo,£o) is called ipe- characteristic for a with respect 
to ujq if a is no£ -^e-invertible with respect to ujq at (xo,£o)- 

The set of characteristic points (the characteristic set), for a symbol 
a G SG^^R 2 ^) with respect to uq, is denoted by 

Char (a) = Char (wo) (a) = Char^ o) (a) U Charge (a) U Char^ e ()) (a), 

where the three components are the sets of points satisfying (1), (2) 
and (3), respectively. 

Remark 1.9. Since the case u = 1 in Definition II .81 is especially impor- 
tant we also give the following definition. We say that a G SG°'°(R 2d ) 

is ip-invertible at (x ,£o) £ R d x (R d \0) if (x ,£o) ^ Charj^(a) with 
ujq — 1. That is, there exist a neighbourhood X of xo, an open conical 
neighbourhood Y of £o and R, c > such that (11.151) holds for ujq = 1, 
x G X and £ G T such that |£| > i?. 
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In the same way, a G SG ' (R 2rf ) is called e-invertible at (xo,£o) £ 
(R d \0) x R d , if (aro,£o) ^ Char^ n(o) with u = 1, and a is called -0e- 
invertible at (x ,£o) e (R d \°) x (R d \0), if (x ,£o) i Char^ e o) (a) with 

LOq = 1. 

In the next Definition we introduce different classes of cutoff func- 
tions, see also Definition 1.9 in [7]. 

Definition 1.10. Assume that X C R d is open, T C R d \0 is an open 
cone, xo G X and that £o £ T. 

(1) a smooth function (p on R d is called a cutoff function with 
respect to x and X, if < (p < 1, (p G C£°(X) and <£> = 1 in 
an open neighbourhood of x$. The set of cutoff functions with 
respect to xq and X is denoted by ^ (X); 

(2) a smooth function if) on R d is called a directional cutoff function 
with respect to £o and T, if there is a constant R > and open 
conical neighbourhood Ti C r of £o such that the following is 
true: 

• < if) < 1 and supp if) C T; 

• = w hen t > 1 and |f | > R; 

• ^(0 = 1 when ^ G Ti and |f | > 

The set of directional cutoff functions with respect to £ an d T 
is denoted by ^(T). 

Remark 1.11. For notational convenience, the open neighbourhood X 
of Xq and the open conical neighbourhood V of £o appearing in the 
previous definition will sometimes be omitted in the sequel, and we 
will simply write ^ and ^ ir , respectively. 

Remark 1.12. Let x u ^ G R d , x 2 ,6 G R d \0, ^ G ^(R '), <^2 G 
<%(R d ), if)i G ^ d 2 ir (R d \0) and ^2 G <^f(R d \0). Then 

ci = y?i g) ^2, c 2 = ^i®<^2 and c 3 = (g) ?/> 2 (1-16) 

belong to SG^^R 2 ^) and are ^-mvertible, e-invertible and ^e-invertible, 
respectively. 

In the next three propositions we show that Op (a) satisfies conve- 
nient invertibility properties of the form 

Op(a)Op(6) = Op(c) + Op(/i), (1.17) 

outside the set of characteristic points for a symbol a. Here Op(6), 
Op(c) and Op(/i) have the roles of "local inverse", "local identity" 
and smoothing operators respectively. From these propositions it also 
follows that our set of characteristic points in Definition II .81 are related 
to those in [8, 31]. 
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Proposition 1.13. Let r, p G [0, 1] be such that p > 0, u G ^V iP (R M ), 
a G SG^ o) (R M ), and let (x ,£o) e R d x (R d \ 0). Then the following 
conditions are equivalent: 

(1) (x ,eo)^Char^ o) (a); 

(2) there is an element c G SG°'° which is ip-invertible at (xo>£o)> 
and an element b G SG^" -* such that oh = c; 

(3) there is an element c G SG°'° which is ip-invertible at (xo,£o); 
and elements h G SG°'~ P and 6 G SGf^ ' such that (11.171) 
/zo/ds; 

(4) for each neighbourhood X of xo and conical neighbourhood T 
of £o? there is an element c = <p <E> ip where ip G ^ Xo (X) and 
if) G ^ d ir (r), and elements h <E Y and b G SG^ /wo) sncn iftat 
(11.171) holds. Furthermore, the supports ofb andh are contained 
inX x R d . 

Proposition 1.14. Letr,p G [0, 1] be such thatr > 0, u) G ^V iP (R 2a! ), 

a G SG^ o) (R M ), and /ei (x ,fo) G ( Rd \ °) x Rd Then the following 
conditions are equivalent: 

(1) (z ,fo) £ Char^ o) (a); 

(2) £/zere is an element c G SG ' which is e-invertible at (xo,£o), 
and an element b G SGj. 1 ^ -* such that ab = c; 

(3) there is an element c G SG°'° which is e-invertible at (xq,C,q), 

and elements h G SG~ p ° and b G SGJ.^ -' smc/j that (I1.17P 
/«o/ds; 

(4) /or each open conical neighbourhood T ofxo and open neighbour- 
hood X o/£o, there is an element c = if) ® <p where if) G ^ ir (r) 
and (p G ^ (X), and elements h G 5? and b G SGfy ^ such 
that (11.171) holds. Furthermore, the supports of b and h are con- 
tained inY x R d . 

Proposition 1.15. Let r, p G (0, 1], cj G ^V iP (R 2c! ), a G SG{£° (R 2d ) , 
and let (xo, £o) e (R d \0) x (R d \0). T/ien the following conditions are 
equivalent: 

(1) (x ,6)^Charfj o) (a); 

(2) t/zere «s an element c G SG° p which is ipe-invertible at (xq,£q), 
and an element b G SG^^ -* such that ab = c; 

(3) there is an element c G SG° p which is ipe-invertible at (xo,£o)> 
and elements h G SG~£'° + SG°;~ P and 6 G SG^/ Wo) snca i/iai 
(fl~T7l) holds; 

(4) /or eac/i open conical neighbourhoods Fx of xq and T 2 of £o> 
there is an element c = ipi <8> ip2 where ip\ G ^ o ir (ri) and ip2 G 
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^ d o ir (r 2 ), and elements he^ andbe SG^ p /<JJo) such that (fTTTl) 
holds. Furthermore, the supports of b and h are contained in 
Fx x K d . 

Propositions 11.131 and 11.141 are equivalent to each others, and they 
follow by the same arguments as in the proof of Proposition 2.3 in [7]. 
Proposition 11.151 follows by similar arguments. For completeness we 
give a proof of Proposition 11.151 in the Appendix. 

As a consequence of Propositions ll.13Hl.15l we can show that the 
sets of characteristic points are invariant under the choice of pseudo- 
differential calculus. 

Proposition 1.16. Assume thatO < r,p < l,w e ^ ryP (R 2d ), s,t e R 
and that a,b e SG^ p o) (R M ) satisfy 

Op» = Op((6). 

Then the following is true: 

(1) if in addition p > 0, then Char (a) = Chart , (b); 

(2) if in addition r > 0, then CharL j(o) = Char^^fe); 

(3) if in addition r,p > 0, then Charts (a) = Chaxt^Jb). 

For the proof and later references we set 
when m, p, 6 R. 

Proof. We may assume that s — 0, and prove only (3). The other 
assertions follow by similar arguments and are left for the reader. By 
[31, Proposition 18.5.10], it follows that b = a+h, where h E SG^° /(Tr ' p) . 
Then for each e > there is R such that \h(x, £)| < £uj (x, £) when 
|a;| > R or |^| > i?. This implies that (3) in Definition 11.81 is fulfilled 
for a, if and only if it is fulfilled for b. This gives the result. □ 

Remark 1.17. Let u(x,£) = r £ R, and assume that a G SG^'q(R m ) 
= SGio(R 2d ) is polyhomogeneous with principal symbol a r e SG^'q(R 2c( ) 
(cf. Definition 18.1.5 in [31]). Also let Char'(a) be the set of charac- 
theristic points of Op(a) in the classical sense (i.e., in the sense of 
Definition 18.1.25 in [31]). Then 

Char^(a) C Char'(a), (1.18) 

where strict inclusion might appear (cf. Remark 1.4 and Example 3.11 
in [38]). 
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2. Wave front sets with respect to Modulation spaces 

In this section we define wave-front sets with respect to modulation 
spaces and show some of their properties. The basic ideas behind these 
definitions can be found in [8]. 

Definition 2.1. Let u> G ^(R 2d ), SS be a translation invariant BF- 
space and let / G y'(R d ). 

(1) The wave-front set WF]^, W #df) of ip-type for / with respect 

to Af (w, 38) consists of all (x , f ) G R d x (R d \ 0) such that for 
every <p G ^ (R d ) and every ^ G ^ d ir (R d \ 0) it holds 

(p.if>(D)ftM(u,0); (2.1) 

(2) The wave-front set WFL 1) «(/) of e-type for / with respect to 
Af(w,#) consists of all (x ,6) e (R d \ 0) x R d such that for 
every V G <^ d ir (R d \ 0) and every ^ G ^ (R d ) it holds 

i/>-<p(D)f£M(u,3?)i (2.2) 

(3) The wave-front set WF^ W ^(/) of ipe-type for / with respect 

to M{w,&) consists of all Oo,£o) e (R d \ 0) x (R d \ 0) such 
that for every ^i G ^ d ir (R d \ 0) and every ip 2 G ^ dir (R d \ 0) it 
holds 

^■MD)f ^M(u,3g). (2.3) 

Finally, the global wave-front set WF^ (<,>,#)(/) ^ (R ' x R d )\0 is the 
set 

WFvm(/) = WF*^/) U WF e MM (f) U WF{; M) (/). 

Remark 2.2. In a similar way as in Remark 2.3 in [8], we note that 
Definition 12.11 does not change if the conditions 

<p-ip(D)f i M{u,3f), ip-<fi(D)f £M{u,3S), and 

in (I2.1I) - (12.3I) are replaced by 

i>(D)(<p ■ f) i M(u, ®), ip{D){il) ■ f) i M(u, ®), and 

MD)('>i>i-f)tM(u,&), 

respectively. In fact, let c(x, £) = ip(x)ip(£,) where cp G ^ (R d ) and 
i[> G ^ dir (R d \ 0), and let c x G SG°;° be equal to 1 on suppc. Then it 
follows from the symbolic calculus that 

Op(ci) Op(c) = Op(c) Op(ci) mod Op(J^) = Op(c) mod Op(J^). 

(2.4) 

A combination of (12.41) and the fact that each pseudo-differential op- 
erator with symbol in SG°' is continuous on the modulation space 
M{oj,M) now shows that (1) in Definition 12.11 does not depend on the 
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order we apply operators ip and ij)(D). The assertions for (2) and (3) 
follow in the same way. 

Remark 2.3. Let / G y'(R d ), x ,£ e R d \0, e ^(R d \0), ^,2 e 
<^ d o ir (R d \0) for j = 1, 2 be such that t/j ljk = 1 on supp^ 2 ,fc for fc = 1, 2. 
Also let u; G 3^(Tl 2d ) and ^ be a translation invariant BF-space on 
R 2d . If Vi,i -M D )f e then ^ r fe(D)/ G M(w,#). 

In fact, if Cj = ^1 (g> then ci = 1 on supp c 2 , and it follows from 
the symbolic calculus that for some h G 5? we have 

^2,1 • V2, 2 (I>)/ = Op(c 2 )/ = Op(c 2 ) Op(ci)/ + V {K)j. 

The assertion now follows from the fact that Op(c 2 ) and Op(/i) are 
continuous on M(u, 3§), in view of Proposition 11.71 

We may also define wave-front sets with respect to Fourier BF-spaces, 
in a way similar to WFj^ (/) , WF e M(fi)t3/) {f) and WFj (w> ^(/) above. 
For example, if ^ is a translation invariant BF-space and G 3^{H 2d ), 
then the wave-front set WF^,>(/) consists of all (x ,£o) G R 01 x (R d \ 
0) such that for every <p G ^(R*) and every if; G ^ d o ir (R d \0) it holds 

<p-ip(D)f i &3S{u). 

However, if 3§o is defined by (11 .8|) , then (ll.9p gives 

WFt ( ^(/)=WF^ oH (/). (2.5) 

The first type of wave-front sets with respect to general modulation 
space and Fourier BF-spaces were introduced in [7]. Here we recall these 
definitions and show that they agree with corresponding wave-front sets 
of V-type. Let / G y(R d ), <p G C^°(R d ) and u G 3?{R 2d ). Also let 
Xr be the characteristic function of T. Then WF^ ^(/) (denoted by 
WF M ( £J ,^)(/) in [7]) consists of all pairs (x ,£ ) G K d x (R d \ 0) such 
that 

||(V r ^/))-(l®Xr)-w||* = +oo 

for every choice of open conical neighbourhood T of £ and ip G ^ xo . The 
wave-front set WF'^^(/) (denoted by WF^y(/) in [7]) consists of 

all pairs (xo,6o) G R d x (R d \0) such that |y/|^»( w ,r) — +°° f° r every 
choice of open conical neighbourhood T of £ and ip G ^ . Here 

\f\&sg{u,T) = \\fuXr\\a- 

Proposition 2.4. Let f G y'(R d ), 3% be a translation invariant BF- 
space, 3§q be defined by jTH]) and let uj G 3?(R 2d ). Then 

WBt^C/) = WF' M(t ^(/) = WF*^/) = WF^ (W) (/). 
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Proof. By Theorem 6.9 in [7] we have WF' M{ ^ m) (f) = WF^, o(w) (/). 

V^ n(f) = WF Wo (w) ( 



Hence, in view of ([275]) . it suffices to prove WFL (u) (/) =WFW m (/). 



By Remark [2721 we have 

(^^o)^WF'« oM (/) 

|^ /l^o(w,r) < oo for some y?^ € ^ and T = T Co 



% (^)(^*o/)ll^aM < oo for some y^ G ^ and ip io G ^ 



'dir 



^ (^o,eo)^WF^ oH (/). 

This proves the result. □ 

The next Proposition 12.51 gives an alternative definition of the global 
wave-front set in terms of intersection of the characteristic sets de- 
scribed in Section [TJ 

Proposition 2.5. Let r, p G [0,1], u G ^(R 2d ) ; u G ^V iP (R M ), 
/ G and let 

Q={ae SG^(R M ) ; Op(o)/ G M(u/u , &) }. 

WFt ( ^)(/) = p| Char^ o) (a), ii/fen p>0 (2.6) 
WF^ } (/) = f|Char^ o) (a), wfen r>0 (2.7) 

wFtv^(/)=n char t e o)( a ) ^ r "° >o - ( 2 - 8 ) 

Proo/. Let b G SG^ o) and 6i G SG^ p o) be such that 

Op(60 Op(6) = Op(6) Op(6 x ) (2.9) 

is the identity operator on L 2 . It is possible to find such operators, in 
view of [3, Corollary 7.5]. By Theorem 2.1 in [27] it follows that the 
operator in (12.91) is the identity operator on each modulation space. 
Since 

Op(6) Op(o) G Op(SG«) = Op(SG°;°) 

when a G SG^ p o) , we may assume that cu = I. 

In order to prove (12.61) . we first assume that (xq,£q) ^ WF]^, ^(/). 
By Definition 12. II there exists ip G ^ and ip G such that a(x,£) = 

y{x)il){£) G SGjo and Op(a)/ G M(u,3B). Since (TT7151) is fulfilled 
with a; = 1, for some constant c > 0, it follows that a is ^-invertible 
at (xo,£o)- Hence (xo,6o) ^ ^harf Ja), anc ^ we have proved that 
nChar^ o) (a)CWFt ( ^ ) (/). 
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It remains to prove the opposite inclusion. Let a G SG r ' p be such 
that (ar ,fo) $ Char* {a) and Op(o)/ G M{u,39). By Proposition OSl 
there are pe^^ie ^ d ir , & G SG°'° and h E 5^ such that 

Opfa (8) V) = Op(6) Op(o) + Op(/i). 

Since Op(a)/ G M(a>, Op(ft) is continuous on M(cu, and Op(/i) 
maps y into it follows that tp-(ip(D)f) = Op(y9<g>^)./ e M(u, S3). 
Hence (xo,£o) ^ WF^-, #)(/)■ This proves (12.61) . By similar arguments 
we also get (12. 7j) and (12. 8p . The details are left for the reader, and the 
proof is complete. □ 

The next result describes the relation between "regularity in modu- 
lation spaces" of temperate distributions and global wave-front sets: 

Theorem 2.6. Let uj G ^(R 2d ) and f G y{K d ). Then 

/GM(u,,^) <=► WF M( ^ } (/) = 0. 

For the proof we need the following lemma: 

Lemma 2.7. Let uj G ^(R 2d ), f G y'(R d ) and let 33 be a translation 
invariant BF-space. Then the following is true: 

(1) i/WF^ u 0\{f) = 0? then for each bounded open set X C R d , 
there exists a non-negative a G SG°'5 such that a > 1 on X x R d 
and Op(a)/ G M(u,3&); 

(2) z/WF^ u ^)(/) = 0, i/ien /or eac/i bounded open set X C R d , 
t/iere exists a non-negative a G SG^'i sncft a > 1 on R d x X 
and Op(a)/ G M(u,&); 

(3) z/WF]^^ ^\(/) = 0, then for some bounded open sets X 1; X 2 C 
R d such that G Xi and G X 2; there exists a non-negative 
a G SG?'J smc/j i/iai a > 1 on (R^X^ x (R d \X 2 ) and Op(a)/ G 

Proof. We only prove (1). The other assertions follow by similar argu- 
ments and are left for the reader. 

The condition WF]^, ggdf) = implies that for each (x ,£ ) G 
R d x (R d \ 0), there are functions (p Xo ,i G ^ and ^ ,i e suc ^ 
that <f xo ,i ■ ip£ 0t i(D)f G M(u,3§). Now we recall that each closed cone 
in R d \ corresponds to a compact set on the unit sphere. Hence, by 
compactness, it follows that for some f Xo ,2 £ ^x 0J £i, ■ ■ ■ , £jv an d some 
constants c, i? > 0, we have 

JV 

V>i(0 = Z)^.i(0>c, when |£| >i2, 
i=i 

^0,2 SG?;? and <^ , 2 • ipi(D)f G M(w, 
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Now choose non-negative <p 3 G C^°(R d ) such that 923(f) = 1 when 
|f | < R. Then v X0 ,2-<p 3 ( D )f e <?Q°°(R d ) ^ M(u,&), since ^ 0>2 ®^3 e 
C£°(R 2d ). Hence, for some cp xo G ^ , open neighbourhood [/ = U xo of 
xo and some constant C > 0, the element a Xo = C<^a. (g>(^>i+<^3) belongs 
to SG°'° and is larger than 1 on Z7 x R d . Furthermore, Op(a ;co )/ G 

For each compact set if we may find finite numbers of U X1 , . . . U XN 
which cover K. The result now follows if we choose 

CL dxi ~\~ ' ' ' ~\~ Oj Xn . 

□ 

Proof of Theorem \2.(k The right implication is obvious by Definition 
12.11 since operators in Op(SG°' ) are continuous on M(u,&). 

Assume that WF M(ui ^(f) = 0. Then WF* ^ (f) = WF e M(ui ^(f) = 
~^^M(u&)(f) = ^- By Lemma [2771 (3). there is a non-negative element 
a 3 G SG°'°, open sets X±,X 2 such that G X±, G X 2 , a 3 > 1 
in (R d \ Xi) x (R d \ X 2 ) and Op(a 3 )/ G M(cj,^). Furthermore, by 
Lemma [2771 (1) and (2), there are non-negative elements a\, a 2 G SGj'5 
such that ai > 1 in X 1 x R d , a 2 > 1 in R d x X 2 , Op(ai)/ G M(w, ^) 
and Op(a 2 )/ G M(u,&). Hence, if a = ai + a 2 + a 3 , it follows that 
a G SG°' l5 Op(a)/ G M(u},&), and that a > 1. Hence a is ellip- 
tic in SG°'?. The ellipticity of a implies that for some b G SG^'i and 
h G SG^' -00 = y we have 

Op(6) Op(a) = Id + Op(/i) 

(cf. the proof of Proposition 11.151) . Since Op(6) and Op(/i) are contin- 
uous on M(u, we get 

/ = Op(6) Op(o)/ - V {h)f G M(u, 

and the assertion follows. The proof is complete. □ 

We end the section by giving some remarks on mapping properties 
for wave-front sets under Fourier transform. Here it is convenient to 
let ojt be the composition of the weight u G ^(R M ) with the torsion 
T(x,£) = (— f,x), and &t denote the space of the pull-backs of the 
elements of the translation invariant BF-space SS on R M under T. That 
is, 

^ = {FoT;F6J}, and uo T = u o T 

(2.10) 

where T(x, f ) = (— f , x). 

The first two equalities in the following proposition are related to 
Lemma 2.4 in [8]. 
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(/)) 


— WFjLt(wt,#t) 




(/)) 


— W"F^ 

~ vv r M{u t ,@t) 




(/)) 


— W"F^ e 

~ vvr M(w T ,^ T ) 



Proposition 2.8. Let 3$ be a translation invariant BF-space on R 2d ; 
to G 3^{K 2d ), and let T, 3$ T and u T be as in (12101) . If f e ^'(R 2d ), 
then 

>(/), 

,(/), 
..,(/)■ 

Proof. By Fourier's inversion formula we have 

o T| = J?(a ■ (b(D)f)) = d(D)(b • /). 

The result is now a straight-forward consequence of these identities, 
Remark 12.21 and the definitions. The details are left for the reader. □ 

3. Wave-front sets for pseudo-differential operators 

with smooth symbols 

In this section we consider mapping properties for pseudo-differential 
operators with respect to our global wave-front sets. More precisely, we 
prove that microlocality and microellipticity hold for pseudodifferential 
operators in Op(SG^). For notational convenience, we set 

B = M(uj,3§) and C = M(u/u , 38). (3.1) 

We start with the following result: 

Theorem 3.1. Let r, p G [0,1], 3$ be a translation invariant BF- 
space on K 2d , u G 3^(R 2d ), uj G 3 s> r)P (R 2d ), a G SG^ o) (R d ) and 
let f G y(R d ). Moreover, let B and C be defined as in (13. ip . Then the 
following is true: 

(1) if in addition p > 0, then 

WF*(Op(a)/) C WFj(/) C WFj(Op(o)/) U Charf^a); (3.2) 

(2) if in addition r > 0, then 

WPS(Op(o)/) C WF|(/) C WF^(Op(o)/) U Char^ o) (a); (3.3) 

(3) if in addition r, p > 0, then 

WFf (Op(a)/) C WF^ e (/) C WFf (Op(a)/) U Charfj o) (a). (3.4) 

Proof. The assertion (1) follows from Theorem 4.1 in [7] and Proposi- 
tion 12.41 and the assertion (2) follows by similar arguments. We have 
to prove (13.41) . and we begin by proving the first inclusion. 

Assume that (xq,£q) ^ WFf?/ «■)(/). We shall prove that (xo,£o) ^ 



WFj, , n ^(Op(a)/). For some ipn G < ir and Vi, 2 G we have 



.'./!„••.•„. /.V v/ i i ui °" me ^1,1 ^ <"x ^ <^ 

^^ 1)2 (D)/GM( W ,f), (3.5) 
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in view of (3) in Definition EH We choose ip 2 ,i G ^ and ^ 2 , 2 G ^g ir 
such that = 1 on supp^ 2 ,j, and we set 

ci(a;,0 = ^1,1(^)^1,2(0 and c 2 {x,i) = ^2,1 (2)^2,2(0 • 

Then Ci,c 2 G SG°' and since C\ = 1 on suppc 2 and that SG"^ ' -00 = 
5? ', it follows from the symbolic calculus that 

Op(ca) Op(a) = Op(ca) Op(a) Op(ci) mod Op(y). (3.6) 

Now we recall that the mappings 

Op(a) : M{u,&) -> M(cj/cu ,^), 

(3.7) 

Op(c 2 ) : M(u/u Q ,3g) M(u/u Q ,38) 

are continuous (cf. Proposition II .71) . The combination of (13.5l) - (|3.7j) . of 
the fact that Op(ci) = ^1,1^1,2 (D), and that Op(/i) maps into 
give 

^2,1 • ^P)(Op(o)/) = Op(c 2 ) Op(a)/ 

= Op(c 2 ) Op(a) Op(ci)/ mod ^ G M(uj/oj , 

This proves that (xo,£o) ^ WF^ e (Op(a)/), and the first inclusion in 
(E3D follows. 

It remains to prove the second inclusion in (13 .41) . Assume that 
(* ,£o) £ WPf (Op(a)/) U Charfj o) (a). 

By Remark there exist Vi,i G ^ ir and ^1,2 G <^g ir , 6 G SG^ (,) 
and /iG y such that 

^1,1 • V>i,2p)(Op(a)/) G M(u/u ,&) 

and (11.17p holds for c = ci = ^1,1 ® ^1,2 • We claim that 

Op(c 2 ) = Op(c 2 ) Op(6) Op( Cl ) Op(a) + Op(h), (3.8) 

for some h G where c 2 = ^2,1 ®i>2,2i and ^> 2) i G ^ ir and ^2,2 G 
are such that = 1 on supp^j for j = 1, 2. 

In fact, by composing (|1.17l) with Op(c 2 ) and using the fact that 
Op(c 2 ) Op(ci) = Op(c 2 ) mod Op(J^), we get 

Op(c 2 ) = Op(c 2 ) Op(6) Op(o) mod Op(J^) 

= Op(c 2 ) Op(cj) Op(6) Op(a) mod Op(J^) 
= Op(c 2 ) Op(fo) Op(ci) Op(a) mod Op(J^), 

and (13.81) follows. Here the last equality follows from the fact that 

Op(c 2 )[Op(6),Op(c 1 )] eOp(y), 

when c\ = 1 on supp c 2 , where [ • , • ] denotes the commutator. The com- 
bination of Proposition fTTTI and (13.81) with the fact that Op(ci)(Op(a)/) 
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G M(u/u ,&) now shows that the mappings 

Op(6) : M(uj/uj , 3S) ^M(u,M) 

Op(c 2 ) \M{u,&) ^M(uj,3§) 

and 

o P (/i) : y -> ^ 

are continuous and that Op(c 2 )/ G M(uj,3§). Hence, we have showed 
that (xo,£o) ^ WF^ e (/), and the proof is complete. □ 

Corollary 3.2. Letr>0, f e J^'(R d ) and G C°°(R d ) 6e such that 
(x) r ^d a p(x) G L°°(R d ) for every a. Also let B = M(u,M), where S3 
is an invariant BF-space on R M and uj G ^(R 2d ). Then 

WFgfa/) C WFj(/), WF|(^/) C WF|(/) 

(3.9) 

and WFf(^/)CWFf(/). 

Proof. It follows from the assumptions that a = ip ® 1 G SG^'i- Hence 
Theorem 13.11 gives 

WF?(<p/) = WF^ e (Op(a)/) C WFf (/), 

which is the last inclusion in (13.91) : the other inclusions follow by anal- 
ogous arguments. The proof is complete. □ 

Next we apply Theorem 13.11 on operators which are elliptic with 
respect to u G & > p ^(Il 2d ) when < r, p < 1. We recall that a and 
Op(o) are called SG- elliptic with respect to SG^(R M ) or uj , if there 
is a compact set K C R M and a positive constant c such that (|1.15l) 
holds when (x,£) ^ If. Since |a(x, £)| < Cu Q (x,£), it follows from the 
definitions that for each multi-index a, there are constants C a ^ such 
that 

\d:d^a(x,0\ < C a ^\a(x,0\(x)- rlal (0' m , (*,0 e R M \ 

when a is SG-elliptic (see, e.g., [2,31]). 

It follows from Lemma [2771 that Char^^a) = if and only if a is 
SG-elliptic with respect to Uo. The following result is now an immediate 
consequence of Theorem I3.lt 

Theorem 3.3. Let r, p G (0, 1], SS be a translation invariant BF-space 
on K 2d , oo G £y > (R 2d ), u G ^ r , p (R M ), a G SG^ o) (R*) be SG-elliptic 
with respect to lu and let f G ^"(Tl d ). Moreover, let B andC be defined 
as in (13.11) . Then 

WFj(Op(a)/) = WFj(/), 
WFg(Op(o)/) = WFJ(/), 
WF*(Op(a)/) = WF?(/). 
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Theorem 3.4. Assume that the hypotheses in Theorem \3. 3\ are fulfilled, 
let g G M(uj/uj , £$) and let f G y'(R d ) be a solution to the equation 

Op{a)f = g. (3.10) 

Then, f G M(u,38). 

Proof. The result follows by combining Theorems 12.61 and I3.3L □ 

We remark that the assumptions r > 0, p > or r, p > 0, respec- 
tively, are necessary in order to show that the conclusions in Theorem 
13.11 hold true (see, e.g., Remark 3.7 in [38]). 

Example 3.5. Let < r, p < 1, a(x,(,) — ai(x, £) + a 2 (£) be such that 
the following conditions are fulfilled: 

(1) \a(x, £)| > c for some constant c > 0; 

(2) a x G SG°; p °(R M ); 

(3) ci2 is the symbol of a linear partial differential operator with 
constant coefficient which is hypoelliptic in the sense of [31]. 

Then a is elliptic with respect to 

^o(x,0 = (i + MOI 2 ) 1/2 , 

which belongs to ^ rp (R M ). Hence we may apply Theorems 13.31 and 
E3]onOp(a). 

An interesting case concerns the modified heat operator a\(x,t) + 
d t - A x , where (x,t) G K d+1 , ai{x,t) G C°°(R d+1 ) and a x is equal to 
c > outside a compact set in R d+1 . The symbol of the operator is 
a(x, t, £, r) = ai(x, t) + |£| 2 + ir. In this case, a is elliptic with respect 
to 

c (a;,t,e ) r) = (l + |e| 4 +|r| 2 ) 1 / 2 . 

Hence, if uj G ^(R M ), ^ is a translation invariant BF-space on R d , 
and (IBTTnl) holds for some / G ^'( Rd ) and 9 e M(u/uj , $8), then it 
follows from Theorem 13.41 that / G M(u;,e^). 

4. Wave-front sets of sup and inf types 

In this section we define wave-front sets based on sequences of mod- 
ulation spaces, and discuss basic results. More precisely, we consider 
wave-front sets with respect to sequences of the form 

(Bj) = {B s ) jeJ , with £,=M(^,^), (4.1) 

where Uj G <^(R 2d ), £§j is a translation invariant BF-spaces on R d , 
and j belongs to some index set J. 

Definition 4.1. Let J be an index set, 3Bj be translation invariant 
BF-spaces on R d , ujj G 0>(R 2d ) when j G J, (Bj) be as in (ICT) . and 
let / G ^'(R d ). 
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(1) The wave-front set WF$ B " P (/) of sup-type ( WFg,(/) of inf- 

type) with respect to (Bj), consists of all pairs (x ,£o) m ^ x 
(R d \0) such that for every <p G ^ Xo (R d ) and every if> G ^ d ir (R d \ 
0) it holds 

<p-^(D)f^M(cUj,38j) (4.2) 
for some j G J (for every j G J); 

(2) The wave-front set WF^j p (/) of sup-type ( WF^ f (/) of inf- 

type) with respect to (Bj), consists of all pairs (xo, £o) m (R d \ 
0) x R d such that for every if G ^ ir (R d \ 0) and every ip G 
% (R d ) it holds 

■0 ' <p(D)f ^ M(ujj, 38 j) (4.3) 

for some j G J (for every j G J); 

(3) The wave-front set WF^' ) sup (/) of sup-type ( WFj^j nf (/) of 
inf-type) with respect to (Bj), consists of all pairs (xq,£q) in 
(K d \ 0) x (R d \ 0) such that for every Vi e ^ d ir (R d \ 0) and 
every ^ 2 G ^ dir (R d \ 0) it holds 

^•^(D)/^M( Wj) ^) (4.4) 

for some j G J (for every j E J). 
Finally, the global wave-front sets of sup and inf types WF?g\(/) C 
(R d x R d )\0 and WFg. } (/) C (R d x R d )\0 are the sets 

WF^(/) ee WFf B 7(/) U WFJJ(/) U WF^(f), 

and 

wf5£,(/) = wFj;; f (/) u wF^ f (/) u wF^; nf (/) 

respectively. 

i?emarfc 4.2. Let p,, G [l,oo], 38j = W™(B? d ), Uj(x,£) = (x,£)~ j 
and let Bj be as in (|4.1I) for j G J = N . Then it follows that 
W^™ p (/), WFgJJ p (/) and WFjg;. ) sup (/) in Definition O with ^ = 

L?{ Ai are equal to the wave-front sets WF^(f), WF e (f) and WF^ e (/) 
in [8], respectively. In particular, it follows that WF^ P ^(/) is equal to 
the global wave- front set WF y (/), which in [8] is denoted by WF 5 (/). 

Remark 4.3. Obviously, if 38 j = 33 and Uj = u for every j G J , then 
WFf- p (/) = WFf- f (/) = WF£ (W ^(/), 

and similarly for WF^ P (/) and WF^ ) sup (/). 
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The following result follows immediately from the definitions, Theo- 
rem [3J] and its proofs. Here we let 

= (Bj)ieJ, and (C 3 ) = (Cj) jeJ , 

where Bj = M(ujj, &j), and Cj = M(ujj/uJo, SS 3 ). 

Theorem 13.11 . Let r, p G [0, 1], 9Bj be translation invariant BF-spaces 
on R 2d , uj G &>(R 2d ) for j eJ,u £ @> r>p (R 2d ), a G SGj$> ) (R 2d ) and 
let f G y'(R d ). Moreover, let (Bj) and (Cj) be defined as in (IP) '. 
Then the following is true: 

(1) if in addition p > 0, then 

WFf c J p (Op(a)/) C WF^(f) 

C WF^7(Op(a)/) U Cha^ o) (a); (4.5) 

(2) if in addition r > 0, then 
WF^ p (Op(a)/) C WF^ P (/) 

C WF™(Op(a)/) U Char^ o) (a); (4.6) 

(3) if in addition r, p > 0, then 
WFgf p (Op(a)/) C WFf™(/) 

C WFf™(Op(a)/) U Charfj Q) (a). (4.7) 

The same is true if the wave-front sets of sup-types are replaced by 
inf-types. 

We note that many properties that are valid for the wave-front sets 
of modulation space types also hold for wave-front sets in the present 
Section. The following generalization of Theorem 12.61 is an immediate 
consequence of Theorem 13.11 . since Char ( wo ) (a) = 0, when a is SG- 
elliptic with respect to uj . 

Theorem EOT . Let < r, p < I, Uj G &>(R 2d ) for j G J, u G 
0>r iP (R 2d ) and let a G SG^ p o) (R 2d ) be SG- elliptic with respect to lu . 
Also let S$j be a translation invariant BF-space on R d for every j G J 
and (Bj) and (Cj) be defined as in (ETIj) '. If f e y'(R d ), then 

WFf c - p (Op(a)/) = WF^ P (/), WF^ p (Op(a)/) = WF^ P (/) 

WFf™(Op(a)/) = WFg ) sup (/). 

The same is true if the wave-front sets of sup-types are replaced by 
inf-types. 

A combination of Remark 14.21 Theorems 12.61 and 13.31 and Corollary 
13.41 now gives the following results concerning wave-front sets in [8]: 
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Corollary 4.4. Assume that r, p G (0,1], and let u G & Pi s(R .), 
a G SG^ o) (R M ), / G ^'(R d ). Then 

WF*(Op(a)/) C WF*(/) C WF*(Op(a)/) U Chax^a), 
WF e (Op(a)/) C WF e (/) C WF e (Op(a)/) U Char^ o) (a), 
WF^ e (Op(a)/) CWF^(/) C WF^ e (Op(a)/) U Charfj o) (a). 

Corollary 4.5. Let0<r,p< 1, cj G ^, p (R 2d ) and /eta G SG^ p o) (R 2d ) 
be SG -elliptic with respect to u . If f G ^'(R d ), £/ien 

WF^(Op(o)/) = WF^(/), WF e (Op(a)/) = WF e (/), 

WF^ e (Op(a)/) = WF^ e (/). 

Corollary 4.6. Assume that the hypotheses in Theorem \3.SK are ful- 
filled, let g G S^(R, d ), and assume that f G <5*"(R d ) is a solution to the 
equation 

Op(a)/ = g. 

Then feS*. 



5. Appendix 

In this Appendix we describe a proof of Proposition QTTSl 

Proof of Proposition [QSl The equivalence between (1) and (2) follows 
easily by letting b(x,£) = ■0i(x)V'2(O/ o ( a '> 0) f° r appropriate -?/>i £ 
and ^ 2 e <^ d o ir . 

(4) =>- (3) is obvious in view of Remark [1.121 Assume that (3) holds. 
We claim that 

\a(x,£)b(x,£)\>l/2 (5.1) 

holds when 



(x,0er lX r 2 , \x\>R, \£\>R, (5.2) 

for some choice of conical neighbourhoods F\ and T 2 of xq and £o, 
respectively, and some R > 0. In fact, the assumptions imply that 
oh = c + hi for some hi G SG"^' + SG°'~ P . By choosing R large enough 
and Ti and T 2 sufficiently small conical neighbourhoods of xq and £o, 
respectively, it follows that c(x,£) = 1 and \h(x, £)| < 1/2 when (15 . 2H 
holds: this gives (fBTTil . Since |6| < C/u, it follows that (fTTBl) is fulfilled, 
and (1) follows. 

It remains to prove that (2) implies (4). Assume therefore that (2) 
is true. Let G ^(r^ and fa* e C?( r 2) for A; = 1, . . . , 4, be 
chosen such that 

0l (x,£) = ^i,i(x)^2,i(e)/a(^,0 G SG?/^, 
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and ipj t k = 1 on supp ipj,k+i- If Ci = ^1,1 ® ^2,1 £ SG°'°, then it follows 
that 

Op(y Op(a) = Op( Cj ) + Op(^) (5.3) 

holds for j = 1 and some /ii G SG~ r '~ p . 

For j > 2 we now define G SGf^' by the Neumann series 

j'-i 

Op(6,)=^(-l) fc Op(f fc ), 

fc=0 

where Op(f fc ) = Op(/ii) fe Op^) G Op(SG^- fc ^- fc " M)) ). Then (JOD gives 

j-i 

Opfo) Op(o) = ^(-l) fc 0p(^) fc Opfa) Op(a) 

fc=0 

j'-i 

= Op(/ il ) fc (Op(c 1 ) + Op(/i 1 )) 

fc=0 

= Op(ci) + Op(h hj ) + Ov(h 2>j ), (5.4) 

where 

V (h ltj ) = (-iy OpihY G Op(SG-^^>) (5.5) 

and 

3-1 

Op(h 2 ,j) = - ]T(-l) fc Op(/i 1 ) fc Op(l - d) G Op(SG°; p °). 
fc=i 

By asymptotic expansions it follows that 

j'-i 

Op(/ i2J ) = -^(-l) fc Op(l-c 1 )Op(/ il ) fc + Op(/i 3j ) + Op(/ i4j ), (5.6) 

for some G SG~ p ''~ p which is equal to zero on supp C\ and h^j G 
SG~ J p r '~ Jp . Now let c, 6j and r k be defined by the formulae 



c(x,0 = MxtyiAZ), °p(&i) = °p( c ) °p( fo i) e Op(sg ? ( ;/' 

Op(r fc ) = Op(c) Op(r fc ) G Op(SG£-*'.-*'/<*0). 

Then 

i-i 

Op(^) = ^(-l) fc Op(r fe ) 

fc=0 
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and (EZD dEEJ) give 

Op(bj) Op(a) = Op(c) Op(ci) + Op(c) Op(hu) 

3-1 

-J2(~l) k Op(c) Op(l-ci) Op(/i 1 ) fc +Op(c) Op(/i 3> i)+Op(c) Op^j). 
fc=i 

Since c\ — \ and ft, 3)J - = on supp c, and every element of 0p(SG~^°'~ 00 ) 
maps continuously to 5? , we find 

Op(c) Op(d) = Op(c) mod Op(^), 
Op(c) Opfaj) G Op(SG-f ~"), 

i-i 

^(-l) fc Op(c) Op(l - d) Op(/H) fc G Op(^), 
fc=i 

P (c) Op(^)eO P (y), 

and 

Op(c) Op(^ 4ji ) G Op(SG-f - J >). 

Hence, (15.31) follows for Cj = c and some /ij G SG~-p~ Jp . By choosing 
6 G SGj,f/ w) such that 

the argument above shows that Op(6) Op(a) = Op(c) + Op(/i), with 
/i G SG-~' _0C = J^, and (4) follows. The proof is complete. □ 
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